Z> Oubcomes, eveats ond pboLaL:l#a.

2.1 Sw)e Spaces

Def 21 M expenimenl is_amything with a_sel of
JOSSBH—CE G~ ‘0*

ouTcoMe §

The sel of all possible oudcomes is the
_!S-LM?)_Q__lSPﬂL o-F the &Xfe/ﬁﬁ&'\"

,/\Iol’ﬁ‘ib'\:’;g: hvpthMls e Aawf‘e gfoce.

EXa_@gfg% losSing & coidy oce
2.7 Outoomes anes Tals o7

Heads - H
\Samf)le space 41 = {H)T}

To%ivU a Lo bwice &

(Sam,flt £ pace A= {(;;H}, (“;T>,(T) H), (T{T\)’S

hdesed  paing
%
ordesn is impstant
(H,T) Mead§ heads -{u‘hdﬁ h.'; Setomd.



Example Exptriment consisds of daawing ball
—_7,? -f/10f1 a LAO (,o:hain}»U La”S numeed&:

Theq
A= gal( pmnuh ('-‘or]ﬁ 01( set (’)' . *\>7}

Fon CXGM/PIC, wl\&v( =3

n= 4 (h23) (1,3,2) (21,3),
(2,3,), (31,29, (3,2 3

J\’ola('iov\'- We, nse \E‘ o 4(1,0('0 Size o.( Se('
(Aso Knowy ag cahdi'\al#g)

({4 %xaw?lc 212 ) ‘H\{, 5CCoAJ !valc SVa(h
ANl=
ln example 2.3, [1=4!



Example Tkhowiﬂo e dand ot @ boand of gadiug A.
14

‘MCUM’I;'\O Aa/s"'f d.’;-‘—arlce .Q -F/;ow‘ jlhe
CMMC, the £awgg(e Space _coqsisffs o{ al(
distaqces bebweey 0 and A, e

N:lon] - $@locdent

(al> \N\ ‘-=> sample space f1 i wl-(,wl—
QMQ and ['\-(l"\fLC.MP




2.2 Evends

A evedd ic a _gi com‘ai»\inq o Number o{
A?ossiUc outcomes.

The weal is said b have occuned i +he /Lea(iso.q

ou‘cow\( 18 au,(oua +lu ou\l(,ow\c,& oo, a.‘nuo “
the eveat

Exim,f[_e: Le{ (1 be 6aval(, $pace .ém hss}»\o Coid dwice.
2-5
= LW, (WD), (TH) (Y

O —

The evend flat emcllo one heads i¢ presest
€<H1T>) (T)H)}
™e event +hat dhe second doss s heads i

£ (4,0, (1 1)}
Noter  Evends ane @éf sed¢

o p—
Av\ CVenf E LQS a(waos JuLSc_‘_’ o—( (Samf‘e S')OCC
Eci




The enline swle space Caq OISo be @
Subset Leqce oy evem{.

nean

) is called +he cune evert becanse il
conkains all possible sufomes.

The w% Sel 9{ 1S a gubef a{aud get
ke ce

Jen

é 1S Caue.o +he IwPosﬁ;ut CVM{'-

We cav\_cheah Aew M oAe cowflic-hﬁ even ts
£ how Mvwlc ones using Sed ofwaliovu.

AU B (A "on" 6>°. b be fhe cvo\{'

on s ¢di 91[ a“ ou,4w [ belo g 4o
ci"\ll.u; :pn 8 o Loh:‘mo quno

v ANg (A "and" @) * 4o be the evend

isting of oll ouf that belosg o
il o ol Ty
(Inbengeclig of A axd 8)




o AC ('MM‘ A): 4 be ke Cowflwt&u‘o(
A: that i~‘, A€ oomlaiqf all ouJ(w.qcs wacL
ahe not MCMLW o-( A

uS'mo Vo diﬂoflaM} fo ViSMuliSG se f ore/m/iqs‘.

A @
| .

G\AS‘{' A auﬂ R




EXample: \v\ the seHi»\d o-f e)‘am,flc 2.3,
2.6 L(," A=z 3,

A= V\MMLU'z Fwo s d hawy oul’ o.( Loo
-éf/[‘"

B= Aumbe 3 i dhawn SC(AMA
A @1,3), (2,30
53 {(\)3'23, (9-‘37\>}



Ave= £(13,2), (2,3),(2307
Ang = {(231)1
A= £(h33), (4,3,2), (b, 320) }
Nole: (L= f L ge= (e - E
Ao fon oy eveqts A and 8,
d CANB SACAVEEN
and so
0=¢4¢Anelzial21Ave) ¢ (0]

Also define wtions and indensectiogs i the
Savje waU.’

fon example f1 E L E, By
E|U Ez_ V E$

ho?hc(m( atleast one of £, 8, Ey
occuh,



A CMVM\evnl WOO +o wmjrc theSSla‘S "Wo’vm
a4 ahbl#/va gd m,mLU; o eVM-lg 54 ML

hoduce a4 iXdey Sel T and whide collechiog
of eveals ag
{Ei lieT g

For example o fn +inee eveads €/, E, Eg,
Could \»c&?wmﬂq as

{g;lie]
Wt Tz §1,237% and whide

EnUEZ\)E$ ag UE‘:
el
T hug

‘U E, s fl\e eveat tLJ wqSisks of T
ver putomse S +ka Le Ov\ QG$ o/je
of ke everds in +ke Co[lecIl
J ﬂ E; is +he eveat tlul torsisds of ol

veL okjwbw\cs Hat belon +o d 0~F‘“‘C
eveqts A tke ulfdchoq



An, indiai be countable c,o“cc"i%

ELE, .

could  be waitheq as {EL\%NE, b Fhe
case Hhene i< aq allesnafive nodediog:

(v 4]
Ue =) e

veN 0=\

Propostioq (De Morgan s law)

—

2.3 Fon av\o Gcoumlauo Oo“eC\lio'L of eVeH;, éEz\aeﬁ

- g

vel
c
c
(/) E'.,> = U E;
veT vel

fhoof (ook at lec(uhe 40‘-% ‘G"’Z Mo"'F‘



By Sething T=91,2( aad EzA ond E, =B,
wp ol:l'a;»;U: } “ ’

Cohollaho Le4 A aad & be eveq te. Theq,
2.3

B (avs) = A°ne® /

(Ang) = A<y g©

PM?;S;LM 2( ,(\,Hown ule.c hold for sel o?ef,.hoqs
A al

Let E,F,G be all eveqts.

Cow;m%a\l:v;%d;.

l EVF=FVUE
EnF: FAN E,\

As;o;'l'ivijro_:

(EvF)ua = Ev (Fug)
(ene)ag = Ea(Fng) |




DiS*/ﬁLuliYﬁ'\}Js
En(Fug) = (Enr)u(Eng)
Eu(Fned= (Evp) v(Evg)

Phoof: See Matk Skille L.
2.2.1 Eveat Space and O ahobhos

A o-elaehra s @ sel 4hal s il.ﬂs-é‘o wtoe)l
Wi oA, bmscc\‘ioq ead CoM/flch','-

&‘(QLD\AE_—’QQ_LJLGT}N\Q_S@ )e‘s‘CCﬂ'iSa,
sed °£b&ulm s of AL r«fck +L+ :

DNETF md deF
D E€3 they ECed

3>> £ {Ealééfk s o Counjfa‘o'e Su LKC(’
of I +hey

UEe3 aud NEeF

v€L %



The ~S€\L \( eve'\(’S foll aq exyapn\&ﬁ IS
ca( luQ O - aa&loho

0- a(ae/b/la 15 a(SO caaeoo CVM(’ UPGCQ.

O - alGQL/IQ Ju%«ah.‘ses 1"\0 »{6”0\»5*@ .

o ML s 4he cehlair\/Suhe event .

‘(5 is 4he im‘:os}}L(C cv&ml.
* B 15 oA cvtn‘(’ $‘> Ec 1S aSo a4 eve«\Jr.
' (’,ow\J( Lle v\-tv‘;fed.o,\s anol Ww\s o](

e\/u { ane o e\/m S.

The _powen sek P(L) is the 6- elneba
o 1 i e 022y

F?’\

(HO\MVU) w‘\e XS Mwunla( N\F)m-(c,
the power s& is 4o |
b wonk with Maum 5 obgé}wj



Defa L1l A collection of {E; (oc’:T? fg\/cy\"(’i 1S
wlled digjoint on sukually axclusive Ui
no two &VM\‘S Sltahe o COMM 0, e,[ov\,en e

E; 0 E; :55 Vidjel.
Vean A\ /\aw\, fon E,Ey ﬂwo even45>.

@ )l

Fon Q)(QMf,C {'2} iuf} ahe Aiid“"(‘-

Tl\e S&‘{'S i'l} @47; ,il‘. g} QAL nol
A\S\)om'{’ as lad’ '(‘wo Se4s Jl\a/;c clcqen#q




2.3 szobab'l”ro

Defy 212 Ww»«s of f’hoLaLHO>
LC N be the &GM,rlC dFGCC o-( ] eXP(jun,\,

).e\L 3 be Jfke, 5-alaebna of exeq dc.

A _phobabil; uqchion P ass» ns o eack
evjil———?‘}‘a{ hea rﬂ-r\uw\ g‘; —> st

(p1)  ple)e o]
(P) P(a) =1

(P3> £ {E \oe_T_} 1S @ coumlaL\c
ol SM oof,lec"w\ o\[ CVM“S +km,

P( .}g;ﬂ = Z (e, )

vel

The Aumben P<E7 LS Ca\uenQ #ke_onLaLlHa,
H\A’ E occuns

ﬂ«e “”hPlC <-n- 3’ P) K a_phoLaLL%A

eCe

—




J\/o‘tci (PB> Comlair\; a qea"af cage .

e(Ay8) = p(a) + pe) it Ang?d.
Theone Led (1, 7, P> be +he gboLab il h space. Theq

A3 fon anO evende A Be
(Py) p(A¢) = 1-P(A)
(ps) @)= §

(P6)  p(AuR) = P(AD+ e(8) - P(ANB)
(P 1f ALB theq PA)Z P(B)

ool (Pq)t
Phont ObseAVe that AAA°:¢ and AVASz A

P(n) = 4 bo (P1)
P(AVA“)= 1
:F(A) ¥ P(AC): L \Da @)
7PAY = 1-P(A) . Thug

\e(ac)= 1-e)|




(P5)%
Obsenve +had </'-—ﬂ-<.

p(g) = P(n)
= 1-p() bo (Py)
= 1= by (e1)
< 0

Thus
[e(¢): 0]

(p6):

L

sAvez & U (A8 and &0 (A0eS) =¢.

P(ave)= P(8)+ PANGE) by D)
L> @)




&A: (AnB) v (Ane®) and @ne)a(aaet):=¢

PG = #ang) + plang?)
pang) = p(a) - p(Ane).  (#2)
‘SuLAsl'iHJ'iﬂ (‘*1> "'\Jb (&\) we Qe*'
}P(A uk) = P(#) 4 p8) - r(me)?

(°1).
AcB
Vean, oliaOha%

(G L

8 =(8nA) A and Aa(Enr) =g




(SOP(l%): p((8nA) pA)
= p(60n) 4 P(A) by ()
Siqce P(G/IAC)}O LO (1),

) p(e) > PUO]

.7

Th 0 ate o 001 ba atch (s
,_é_ﬁ(rflﬂ CE{A%L”O dfn.ﬁ o foodbol| malch

__n_: iw"‘d ‘Dha“)) LO(C} = {W)D'LB

sz Jo)_/: Gb&lma 3 of evends i H\e‘_poww set

3-0(n)=¢ Qf}%b,jﬁ}h?} A wD},

A ?hobabit 5Mc‘io P ascians to eack
event J o Aeal Aumbes



—

2.1

—

Exauflc:

A possible as&bweal i as follows

EVCW” [ Pboloola?‘,i"o
g 0
W 0-6
D% 0-|
{L 0.3
%erl O--‘]‘
W, L 0-9
{D,L‘; 0l
i
RCVISI“. 21-{ CX\’ULW\M}
LSM t ’p 1S

n:{o01]

whthe we have choser A-1 .

Netk we need b chose +he evend < pate.
we caqnot (‘.l(oG? ‘H\C poweA fe";OS 1" 81
wxcouM]roé(c

The Nu% Sfacc woul (40 eeof 4o co‘nta"\
al( SMLSH(} O‘F [.0 'J ”‘“ c“’\ be OL‘}G'V\eO
b J’UC,\\Q counda L[(, Unio4$, n"Uz.CCC"M;
0,04 Comp e,»tun‘;, otheswise It wou/ol not
be

o - aboé){a. _



The d#\a(l“" U'@Qe A& Co'\\ta{nina all in\‘eﬁw /S
i Known as +he 8, enba(:/m.

So we dhoose 3 o Lo the Bonal Agebte ot [o1]

‘AQP/”"“M‘@ fanckion nowl 40»1;1/:(( lde{:é/,w\n,
ed by cpecifying the phobabtli hge
iv\khvzhs peesad f \

fon ewa‘c cltooCe

p([a,6]) = b-a

This leads 4o the Pho‘m“‘i\(n funchior Knouwn
as _&mi Measuse .

An inbeseshing bib of Hhis examy(c i¢ that
the probabil¥ thet the dart lamds of a
particnlay distaqce A is gero for o1 d-

p({d}) = p(Cd.4])
- 4

-~

¢0‘




This does nof Meas +hat it is iwfoSS]LIe fo4

the dant +o lond ot a centaiq disdoqce &
I fack i+ mugd land of a cestain Jisalwl:ce,

tverthouak the probebilify of landing oF
distoace” s gero ‘U ( {
The m«»omlan@ lescon is +hat o eveat Hhof hos
Pholooloili\‘n jero dots not have 4o seol o
imfoSSiUc eveat. (o

P =0 2 impossible bu b
impossitle = P =0
Simil at ly
Pl B centain but

cerlein = P=1

P(ANB):0 £ A and & ase digjoint o
Mu#uall»o ex clugve .

A and B ase dis\join* oM :> P(AAB):O
Mulualbo ex clusive .



Theonem: Suppose the Jam,fle Space N contain g exacw“a
216 noouteomes, 1121
écé the eveat space I comtain, all Subsets of 11.
e

p(E) = IEL
7

forn any evest EEF.
Theg PVis a fholaaloi({\‘a -(uv\c('ioq.

phoof . We Aeed b show P sabisfies the phoLaL‘.L‘#z

axioms.
(p1):
The numbes o,[ e(eu«wts of av\@ evanl E
Must be between 0 and 4.

0<IEl<n,
T(’ 4(’0“0\#5 '('t\a‘\'

0<IE|=p(E) ¢ 1
S "

0
pie) e [o1]

&ahf(d.‘ng (P()



(p2).
Since \nl=n, f E-1

p(a) - L—_Q-_l A
A gl
2
P(-f).3 = 1
\Sahs(amo (P2>
63):

For digoint ceds E,,E, €, ..., By,
B\ UEVE L. UENIEVIE ]+ - dIE ]

HeAce

P(E\UEZU...UEK) = |E|U0oo El(l

n
eV IE N+ ... 4]E|

n
= 1B| 4 (514 ...4 1B
(e vie)s 1 P(E)
= P(E)+P(E) 4 ... +PE
sohisfging (P3) ’ n




bkely one ol covered) 'DO Theorew 216

Exghiqcn‘s whese o“fcoﬂc; ahe ._"é-f—‘-w'-’a

—

2.1% varndow .
Gao containg s nedl balls
* 6 Areeq balls
3 blus  balls.

E;(am?!_c:. Exgc;;iqu" coleif\‘i*d of dhawio\g one ball o

The Sebof possible outwmes ase
N = {hed, greed, blue § = @%o,b}
The probabilities of Hiece outwomes one
paz P({hed)) = 413
(=P ({greeat) = 6)13
ho P(gblae}) = /i3



ka, PMLGL?[T“O —(n/;d“. Q\/&Vl’s Can LG Cdltu,a{'eﬁ
as

Event P(GVM(’)
¢ 0
%&e-@} P4 = ‘2//(3
he = 13
i%‘u:%’ g\? - 3,(}

Enedigrees  |porge - 03
{hel.il“c% patfp = 12

{ neeq, blue Pad Py - /i3
%he(’,ohm,bluek’-ﬂPGMPGH’L = 13f3: 4

\»\ Cale of Q Coun\laue JaMflc Space , once
Photabzf ies of glgqu@u’o eveats Cevends
Comlam?ﬂo Single ouho%cc have beeq assianed,
oll other” paobsbilifies caq be deduced {amt Hiose.
On /\cshidiq 1s that QU o{mm\lw\o,fﬁ_do'
abilidies wmust add upto 1,

This is formulobed as a theonen o next

Page:



TL\CMM; Let L be a CDM('aLle J&Mflc Space.
2.18 Let event spoce T be the powes sef of N :

3= 0(n)

Choose a set ¢p lwen} of nw@ahve
seal numbess sa{;s{omd pr—.i

weN

Fon any eveat E€F define

p(E) = Z P

weE

>
Tk?/l P is a pho aL;L‘\l -{MC'“M on 3’
and thug (-Pfl, &',P) O?S . fmoLo\.:HG space

__p/_xol)\[_: We /\,eeoe bo check (,MJ;\(;M; (PD'(P).), (PS)

(P\)i Because all phoLaL.(.‘hu ane Sumg of
elmm(—wo probebalties pu and

prﬁi’

An phobaLiL“ is norAegative o»\i o
la%!h 'H‘aa\ 1q t(j



(P2): We have

P@: Pz 1
e 2,

wedL

A
(B): This wses +he fact that +he SuM over
& d-‘Sdoin'( Wi oy o-(' indey rx( cels caq be
dpM wp In“o Q@ Sum gves Ma(WIAua' Sumg .

= Z p(E:)

vET

u
The Jpec«‘al case whene all elmwhho
probebilties are equal, Theones 218
Theonew 2.16,

b ecomes



4 Product o-r ‘KW"C Lpaces .

Suppose we M-FM% fwo ex %iﬂm{ with
Pflblv';‘?‘lll“‘o Jfﬁc?s (JLJ ) 3; ) z\ 0'\4 z‘oz 3 ;P2.>-

The the _possible outcomes of the combined
expehiment car be descaibed ordes of
_paihs °‘F the ou'h,w\c,s o{ 4l e imf-vio{ua(
expehimends and +hus +he combined _L_wLe
_Space 1§

Fﬂ_ :.ﬂ.‘)(-fllz €(°°n‘°.z>\°°le'n'l’ wzé ﬂz} l

We have Seeq +hic in afo/\% " Exmf[e 212;
Tossing a Coin fwice, This Caq, be Seer as o
combiKation of fwo expesiments each oo*isiswlmd
of one rt‘p of Coin.

Iadividua Sauflf, Spaces ahe

Az Ry wd =AW

Nz, = SEW, (/) (TR) (T



J\Iole'.

Ln_‘ < \—n—\\’ "n'l‘

l( {1, and _0.2 \$ ww\«"alo\f,, So 1S N.

——

we Caq choose 3— as +he fovde/;Sc(' o-( JL.
we (a4 defire ke probobilfy factio of T

Qs

PR (wmn)Y) = P (03). R (§3) V(w.,w,)e_g.}

The probabilities of composife evenls ase fhot
Jehhnﬁ»\eQ 0S in Thebhm 2.18. The thw fells
us that the (J)-,},P) ¢ have sl—huo('uq
N kg Wao i¢ & vali P/zo]oa'o% Space,
Movic)co() the Sum o( all elomen MO evesfs’
phofﬂkﬂf s L.

Leds check Has is indeed +he case: ("f"f”d')



Z Plilon)= 57 57 p(f.0t)

DI P (441). b, (G03)

WEL, wy€l,

p(iw.}) Ze(zw 1)

We €9y

= (). ()= 141

D SuMmina oNeAh a” Pau‘zS ‘G oujﬂpw\cs 1S
the MQC as .Summ@ oveh a\\ £0S51 L[c
pa (A o ou Cou1¢§ -( o\t expen ”\0‘
ond '“(C summing oven all ou*cow‘es o{— the
ot h eA CX(’?/‘H" ‘Q{'



The P/‘tobabf[f“ {uv\ctiwl o‘(’ the fou} .SoMfle
space s the f/uoph:‘al'c choice wth\/ the
lyQahSuQ oq{wﬂfe p{_ouﬂw kas AD
,’.ﬁﬂuma o the o“t% expun‘p\_eqf-

L}Mwh-‘u+ g ‘(1; use f},oduc[- iVl o”l% CASe
)eXPMMeHS are :gqgﬁwt

ﬂc Cqu"huo-(iov[ o-( p/nob»lpilf ‘f“’L o-f
4wo expehimem% caq LC_GQ,‘M L‘CCL“L\'\,
expehiments:

\ipﬁ,x... Xy = ¢ (Wi, - e owp) (Wient, ol H

whes g_LLexwvingLs ahe Mdofw;\ad- o-F
each othen s

PG v ne0g3) = ALY, L, P, (£wu3)



Mk (Ckcw(im de Mérd):

2.9 Cov\sic[e/; o pome Cou\s;sw‘iv\ of 1hhowin aPa?A
of olice 24 4iMes in whch %Ov\ wir if +hlere
i$ atleas) one double 6 QMOAO the 24 +hrows,
and i lose  otheswise. ‘

what Vig the P/;ol:ab.'[\"(o o-(l NMM’G.

Selukion: Sample spoce fon o simale Haros of a paih
°‘( dice . '0 f

Nz {4,23556%%$,2,3,456]
nl= 140230551 1{,2,3,45,63)

= 34
=

|\ = 3¢

The fmoéjl:il‘ld of Aollmd ¢ dowble ¢ iy

one Ahound

p({6,6Y) - "5



not polling @ Jou‘v‘eé
The phobebild J of not poll 0

s ‘H/\thh[a‘n
p:(f6.63)= 1-1/3¢

= 35[3¢ 1L
Individual 4"\/‘10”5 QM' M‘ - tho "1 eack
(_l\e llobol’ l h u‘ )
of ’(ke 24 hodds ot Yo

'@ JOuL " , \[
¢ o ‘H\.& /IOL l o (X OLGLL
‘H\& Plhotu (:'\ 'f'hS“ hou»ﬂl -(-w‘es -H\j hor;‘:‘l
Az“"i A l'( oo double ¢ iq sewn
0+ no °

P(L) = 2. (£6,63).0,(£6,63). ... H(ie.c} )

2
= (35\}
3¢

e Mning Hheq (s
The PADL‘L‘LLO o‘( Wbmnd 1
p(w)=1-p(L)

@)

~ 0.41



Appendix -

T;zl'oé:

JAM CVC'\"D Ca,\, ‘Jb __g‘phl' ml'o 2 A h‘\’
M‘g n ¢ oo§m0 an ML-l'ha)u oth.
0"4 WAI "U
D: 20 = (Aua9)aD
= (Aapy v(a%D)

= D (4no)u(AnD)



